ABSTRACT State-of-Health (SOH) is an intuitive reflection to the capacity during the degradation of lithium-ion batteries. Accurate SOH estimation can not only grasp the battery performance but also achieve a better balance between the safety and economic benefits for lithium-ion battery application system. Relaxation effect refers to the capacity regeneration phenomenon of lithium-ion batteries during long rest time. This paper mainly studies the impact of relaxation effect on the degradation law of lithium-ion batteries, and proposes a novel SOH estimation method based on the Wiener process. First, the life cycle of a lithium-ion battery is divided into three parts, i.e., the degradation process that eliminates the relaxation effect, the capacity regeneration process during the rest time, and the degradation process of the regenerated capacity. Next, the degradation model after eliminating the relaxation effect is established based on linear Wiener process, the capacity regenerated model is developed by the normal distribution, and the degradation model of regenerated capacity is established based on a nonlinear Wiener process. Then, for the degradation model based on nonlinear Wiener process, a two-step maximum likelihood estimation (MLE) method for prior parameters is proposed, and the random variables representing the personality features are updated online under the Bayesian framework. For the capacity regenerated model, a parameter estimation method based on MLE is proposed. In addition, a one-step and a multi-step SOH prediction method based on piecewise modeling are developed. Finally, the experiments are carried out based on the degradation data of lithium-ion batteries published by the NASA, and the results show that the method proposed in this paper can effectively improve the accuracy of the SOH estimation.
I. INTRODUCTION A. MOTIVATIONS AND TECHNICAL CHALLENGES
Lithium-ion batteries have been widely applied in mobile phones, notebook computers, electric vehicles, hybrid vehicles, aviation, aerospace and other industries due to their high energy density, light weight, long life, low self-discharge rate and no memory effect [1] - [4] . However, the aging phenomenon has a great impact on the health condition of lithium-ion batteries, which could result in degradation
The associate editor coordinating the review of this manuscript and approving it for publication was Dong Wang. or even failure of lithium-ion batteries [5] , [6] . The failure of lithium-ion batteries may cause shutdown or even catastrophic damage to the power supply system. Therefore, it is necessary take measures to improve the reliability and safety for lithium-ion batteries [7] , [8] . Engineering practice shows that the battery management system (BMS) is especially important for ensuring the safe, effective and reliable operation of lithium-ion batteries [9] - [12] . BMS can not only protect the entire power system that apply lithium-ion batteries as the energy storage device, but also provide the best performance management and life extension solution for energy storage. This is essential important for some areas with requirement of high safety and high reliability, such as electric vehicles, military and aerospace [13] - [15] . The main tasks of the BMS include online monitoring the battery's voltage and current, as well as providing real-time State-of-Health (SOH) and State-of-Charge (SOC) [16] , [17] . In BMS, the SOH cannot be directly measured by any electrical meter, and the accurate SOH estimation provides important information support for SOC estimation. Moreover, due to the time-varying external environment and the complexity of internal electrochemical performance in a practical application, the battery could degrade irregularly, which also increases the difficulty of SOH estimation. Therefore, the issue of SOH estimation for lithium-ion batteries has become a key issue of BMS [17] .
In the existing literature, the battery capacity is used as an indicator of SOH by many scholars [13] . Hence, the issue of SOH estimation can be converted to capacity estimation. The relaxation effect is a typical feature during the degradation of lithium-ion batteries, which can be expressed as follow: if the battery rest some time longer enough than the regular break time in the degradation, it will lead to recovery process of the battery, which could increase the available capacity for the next cycle. In actual use, Since the relaxation effect caused by long time rest has a great impact on degradation law of lithium-ion batteries [18] . Thus, the relaxation effect is regarded as an important research direction for lithium-ion batteries of electric vehicles in a recent review published by Wu et al. [18] . The recovery process caused by relaxation effect can be divided into two stages: the first stage is the capacity regeneration process during a rest time; the second stage is the degradation process of regenerated capacity. To estimate the SOH accurately, the relaxation effect should be considered in the actual degradation process of lithiumion batteries. At present, the SOH estimation method for lithium-ion batteries in laboratory conditions or other ideal conditions is relatively mature. However, the method with considering the actual conditions such as the relaxation effect has not been studied thoroughly. Therefore, to improve the safety and reliability for lithium-ion batteries in practical use, the SOH estimation method with considering the relaxation effect needs to be further studied.
B. LITERATURE REVIEW
The existing SOH estimation methods for lithium-ion batteries mainly include: 1) Direct methods 2) Model-based methods and 3) Data-driven methods [19] - [22] .
1) The direct methods estimate the SOH by online measuring state information related to battery capacity, i.e. voltage, current and impedance. This type of methods mainly includes Coulomb counting method, open-circuit voltage method and the resistance-based method [19] , [20] . Since the Coulomb counting method takes long time for estimation, needs strict working conditions and does not consider the battery aging in actual use, it has certain limitations in the SOH estimation [23] . [19] . The resistance-based method can estimate the SOH by using the internal resistance or impedance to indicate the battery capacity [21] . Yuan and Dung [24] developed an SOH estimation method by using an extraction method of three-point impedance to calculate the changed charge of the capacity. The direct methods are the most direct and simplest methods, and they are accurate in the laboratory environment [20] . Since the direct method estimates the SOH by measuring state information related to battery capacity without fusing the training data, it can only obtain the expectation of one-step SOH estimation, while the probability distribution function and the multi-step SOH estimation cannot be obtained.
2) The model-based methods typically describe physics of the system and failure modes by building mathematical function with prior knowledge of a battery life cycle [22] . This type of methods does not just depend on the real-time measured data, but also needs to estimate or identify the characteristic parameters through filtering or intelligent algorithms [20] . This type of methods mainly includes the electrochemical method, equivalent circuit method and filtering method [20] , [22] . Guha and Patra [25] estimated the SOH of lithium-ion batteries by building an internal impedance growth model to describe the change of capacity. The electrochemical analysis method estimates the SOH of lithium-ion batteries by testing and analyzing the relationship between state information and capacity in the degradation process based on an electrochemical model. Wang et al. [26] and Tang et al. [27] estimated the SOH of lithium-ion batteries by using the incremental capacity analysis based on electrochemical model. The basic idea of equivalent circuit method is to estimate the SOH of lithium-ion batteries by monitoring the state information of degradation process in real time based on constructing an equivalent circuit model. Song et al. [28] estimated the SOH of lithium-ion batteries by using a first-order equivalent circuit model. Gholizadeh and Salmasi [29] and Chaoui et al. [30] established an adaptive observation system for battery capacity based on an equivalent circuit model, and then obtained the SOH by using real-time monitored state information to calculate the capacity.
The filtering method mainly includes Kalman filtering, extended Kalman filtering, unscented Kalman filtering, particle filtering and unscented particle filtering [6] , [31] , [32] . As Kalman filter is mainly applied to the linear Gaussian model, the accuracy for SOH estimation of lithium-ion batteries with nonlinear degradation process is not high. Since the extended Kalman filter algorithm can better deal with the nonlinear Gaussian problems, Sepasi et al. [33] estimated the SOH of lithium-ion batteries by using an extended Kalman filter. However, the extended Kalman filter mainly performs the first or second order Taylor expansion of the nonlinear VOLUME 7, 2019 part, and ignores the high-order terms, so the estimation error is relatively large. The unscented Kalman filter, which is similar to the extended Kalman filter, uses Gaussian distribution to approximate the state distribution. Since the expectation and variance of the unscented Kalman filter can be accurate to the third-order term of the Taylor expansion [34] , the estimation accuracy is higher than the extended Kalman filter. In recent years, the particle filter algorithm has also been applied to SOH estimation of lithium-ion batteries. This method can obtain the posterior distribution close to the real result by combining the latest measurement information, and the estimation accuracy is also greatly improved. Yu [35] estimated the SOH of lithium-ion batteries by using the particle filtering. Liu et al. [36] obtained the SOH estimation of lithium-ion batteries based on unscented particle filtering. The estimation accuracy of these methods can be easily affected by the time-varying current and ambient temperature [21] .
3) The data-driven methods for SOH prediction do not need the knowledge of battery working principles and the explicit battery model, and they only depend on the collected aging data [22] . Generally, the data-driven method can be categorized into two main types: artificial intelligence methods and the stochastic processes modeling methods. The basic idea of artificial intelligence methods is fitting the degradation law of capacity through machine learning methods based on degradation data of lithium-ion batteries, and estimating the SOH by extrapolating the capacity in next cycle [20] . This type of methods mainly includes neural networks [37] , [38] , fuzzy logic [35] , [39] , support vector regression [31] , [40] , support vector machines [41] , [42] , and relevant vector machines [43] , [44] etc. Lin et al. [45] proposed a SOH estimation method based on probabilistic neural network by monitoring the degradation state data of lithiumion batteries. Landi and Gross [39] estimated the SOH based on fuzzy logic. Dai et al. [19] obtained the SOH by using neural networks. Klass et al. [46] and Meng et al. [47] estimated the SOH based on support vector machine. Weng et al. [40] and Ma et al. [48] performed the SOH estimation based on support vector regression. The above reviews show that the artificial intelligence method has been widely used in SOH estimation. However, this type of method can only obtain the expectation of SOH estimation, it is difficult to obtain the probability distribution that reflects the uncertainty of SOH estimation [49] .
The stochastic processes modeling methods use the probability theory and stochastic processes to analyze the variation law of historical monitoring data [49] . This type of methods often estimates the SOH of lithium-ion batteries by establishing a stochastic degradation model of battery capacity [22] , [50] , [51] . The SOH estimation results by these stochastic degradation model based methods do not rely on physics or engineering principle. Since the stochastic process can well describe the uncertainty of degradation process [49] , many scholars used stochastic process to establish the lithium-ion batteries' degradation model [52] - [54] . The degradation models based on stochastic processes mainly include Gaussian process and Wiener process. The Gaussian process is based on the theory of statistical learning. It has good adaptability for complex problems such as high dimensionality, small sample, and nonlinearity. Thus, it has strong generalization ability. Goebel et al. [55] established the Gaussian process model to characterize the degradation process of battery capacity, and then the SOH of lithiumion batteries is estimated based on the degradation model. Liu et al. [56] proposed an online SOH estimation method based on Gaussian process regression, and then performed the SOH verification and evaluation experiments according to the degradation data of lithium-ion batteries published by NASA. Li et al. [57] developed a mixed Gaussian degradation model for lithium-ion batteries, and then estimated the SOH by using particle filter to identify the model parameters. He et al. [58] estimated the SOH of lithium-ion batteries by using a multi-scale Gaussian process model based on wavelet analysis. Yang et al. [59] constructed a Gaussian regression model for SOH estimation based on the charging curve. Yu [22] obtained the SOH of lithium-ion batteries by combining multi-scale logistic regression and Gaussian process regression.
The Wiener process is a type of diffusion process driven by Brownian motion with a drift coefficient. Due to the non-monotonic characteristic, the Wiener process is suitable for describing the degradation processes with discontinuous increase or decrease trends, and it has been widely applied in general degradation modeling [49] . Jin et al. [60] and Tang et al. [52] established a degradation model for lithium-ion batteries based on linear Wiener process, which can well described the capacity degradation process. Considering the nonlinear characteristic of the degradation process during the actual use of lithium-ion batteries, Feng et al. [61] and Si [53] developed a capacity degradation model for lithium batteries based on nonlinear Wiener process. In summary, the degradation model based on Wiener process can well describe the capacity degradation process of lithium-ion batteries. However, the degradation model based on Wiener process are mostly applied to the RUL prediction for lithiumion batteries at present, and it has rarely been used in SOH estimation. Therefore, a SOH estimation method by modeling the lithium-ion batteries' degradation process based on Wiener process is developed in this paper.
From the preceding survey, we observe that the method for estimating the SOH of lithium-ion batteries under ideal conditions is relatively mature. However, the method with considering complex operating conditions, such as time varying current, the stochastic depth of discharge, the change of ambient temperature and especially the relaxation effect, has not been studied thoroughly. Recently, the influence of the relaxation effect on the law of capacity degradation has been considered in the health management of lithiumion batteries. Saha and Goebel [62] used an exponential model to adjust the relaxation effect, where the relaxation effect is modeled by an exponential function regarding cal-endar time. Jin et al. [60] and Tang et al. [52] applied this exponential function to extract the relaxation effect, and used the degradation data with removing the relaxation effect for RUL estimation. Although the relaxation effect has been considered in lifetime and RUL prediction for lithium-ion batteries, it has not been extensively considered in SOH estimation. Qin et al. [63] , [64] proposed a method to predict the regeneration phenomena and estimate the SOH with regeneration phenomena. And, this method used the beginning time interval of two adjacent cycles to reflect the rest time. However, the non-linear and fast-degradation characteristics of the regenerated capacity degradation process have not considered in this method. From the above review, the SOH estimation method with considering the relaxation effect has not been studied thoroughly. Therefore, this paper mainly focuses on modeling the relaxation effect of lithium-ion batteries in actual use, and has a further in-depth research on SOH estimation method with relaxation effect.
C. ORIGINAL CONTRIBUTIONS AND OUTLINE OF PAPER
In this paper, we attempt to precisely model the degradation of lithium-ion batteries with considering the impact of the relaxation effect in actual use, and develop a novel SOH estimation method based on Wiener process. The major contribution of this paper is that a SOH estimation method with considering the relaxation effect is proposed. This method is based on the idea of piecewise modeling, and obtains the analytical formula of the expectation, variance and probability distribution for one-step and multi-step SOH estimation by studying the influence of relaxation effect on the degradation law.
The remainder of this paper is presented as follows: Section II analyzes the influence of relaxation effect on the degradation process based on the degradation data of lithium-ion batteries published by NASA. The main results in degradation modeling and parameters estimation are reported in Section III. Section IV proposes a one-step prediction method and a multi-step prediction method for SOH estimation with considering the relaxation effect. In section V, a practical case study of lithium-ion batteries is provided to illustrate the usefulness of the presented method.
II. NOTATIONS LIST AND PROBLEM ANALYSIS A. THE ACRONYM AND NOTATION LIST
The acronym list and the notation list in this paper are shown in Table 1 and Table 2 , respectively.
B. PROBLEM ANALYSIS
The SOH of lithium-ion batteries is generally expressed as the ratio of the current cycle capacity to the initial calibration capacity, as shown in (1) . The accurate SOH can not only reflect the battery capacity of the current cycle, but also reflect the attenuation trend of battery capacity during the battery degrades. where Ca t is the battery capacity of the current cycle, Ca 0 is the initial calibrated capacity. The relaxation effect is a battery capacity regenerated phenomenon that occurs after a long period of rest time for lithium-ion batteries, and the recovery process will be produced by it. In the following, we use the degradation data of lithium-ion batteries published by NASA, as shown in Fig. 1 , to illustrate the recovery process. From Fig. 1 , the degradation data include two time scales, namely calendar time and number of cycles. For simplicity, in this paper, t s is used to indicate the calendar time, and t is the number of cycles. Each cycle t can be mapped to a specific calendar time t s .
From Fig. 1 , it can be observed that the recovery process occurs after some long rest time (for example, the calendar time interval [8×10 5 , 10×10 5 ] s of No. 18 battery, as magnified and shown in Fig. 2) . From the Fig. 2 , the specific recovery process can be divided into two stages. The first stage is the regeneration process of battery capacity, where the capacity regenerates from Ca i1 to Ca i2 when the lithium-ion battery has a long rest time t s i . The second stage is the degradation process of the regenerated capacity. In this process, the capacity degrades from Ca i2 to Ca i1 after end of the rest time. Compared with the normal degradation process, the second stage has fast degradation rates and obvious nonlinear characteristics. Therefore, a complete recovery process can be expressed as we observe that the relaxation effect could lead to an irregular degradation of battery capacity throughout the life cycle. Thus, it is necessary to study the influence of relaxation effect on the degradation law of lithium-ion batteries.
From above works, it can be observed that the relaxation effect divides the life cycle degradation process of lithium-ion battery into two parts. The first part is the degradation process after eliminating the recovery process, as shown in Fig. 3 . The second part is the recovery process caused by the relaxation effect, as show in Fig. 2 , which includes the capacity regeneration process and the degradation process of regenerated capacity. 
III. DEGRADATION MODELING AND SOH ESTIMATION
The Wiener process is a type of diffusion process driven by Brownian motion with a drift coefficient, which is suitable for describing the non-monotonic degradation process with discontinuous increase or decrease trends. It is widely used in general degradation modeling [49] . In the following, we present the degradation modeling and SOH estimation method for the three piecewise processes, respectively. And, the degradation process after eliminating the relaxation effect and the degradation process of the regenerated capacity are modeled by linear and nonlinear Wiener process, respectively.
A. DEGRADATION MODELING AND SOH ESTIMATION FOR THE DEGRADATION PROCESS AFTER ELIMINATING THE RELAXATION EFFECT
In this subsection, we refer to the results presented in [65] when eliminating the relaxation effect and modeling the degradation process after eliminating the relaxation effect. The obvious difference between this paper and [65] can be summarized as follows: First, the target of these two models is different. This paper aims at the SOH estimation in the future cycle time, i.e. predicting the capacity. However, the reference [65] mainly focuses on predicting the RUL at current time. Second, the modeling methods are different. This paper modeled the recovery process that includes the capacity regeneration process and the degradation process of the regenerated capacity. However, the Reference [65] only modeled the regenerated useful time caused by relaxation effect, and the specific recovery process was not modeled. Therefore, the battery capacity at any cycle time can be predicted in this paper, but the battery capacity cannot be predicted at any cycle time of recovery process by [65] . Finally, the predicted method and conclusions are different. This paper has proposed a one-step SOH prediction method and a multi-step SOH prediction method separately. It can obtain the expectation, variance and probability distribution function of the predicted SOH, which could well describe the uncertainty of degradation process of lithium-ion batteries. Differently, the reference [65] obtained the expectation, variance and probability distribution function of the predicted remaining useful life.
To deal with the random effect, we first adopt the elimination algorithm proposed in [65] to eliminate the recovery process. The basic idea of this algorithm is to extract regeneration process when the regenerated capacity recovers to previous capacity before regenerating. By using this method, the nonlinear characteristic of this part is significantly reduced, and the rest time t re,i , the length of the rest time t s re,i , the regenerated capacity c i , the degradation cycle number l i and the time interval, i.e.
[t re,i , t re,i + l re,i ], of the recovery process can be easily obtained.
After eliminating the recovery process, the degradation model of lithium-ion batteries can be expressed by linear Wiener process [49] , [52] , [54] :
where x 0 is the initial capacity, λ is the drift coefficient, which characterizes the degradation rate of lithium-ion batteries, σ B1 is the diffusion coefficient, and B(t) is the standard Brownian motion representing the dynamic characteristics and uncertainty of the degradation process. In order to distinguish the individual difference among different batteries, drift coefficient λ is regarded as a random variable and follows normal distribution, i.e. λ ∼ N (µ λ , σ 2 λ ). According to (2) it can be observed that the unknown parameters of the degradation model are ψ= {µ λ , σ 2 λ , σ 2 B1 }. To estimate the prior parameters ψ, we adopt the two-step MLE method proposed in [65] .
The SOH of a lithium-ion battery based on this model can be defined as the ratio of the current cycle capacity X (t) to initial calibration capacity X (0), which is defined as a constant. Without loss of generality, we set that x t = X (t).
Given that x 1:k = {x 1 , x 2 , . . . , x k } are the on-site degradation data at the time t 1 , t 2 , . . . t k of one lithium-ion battery, then according to the prior distribution of the drift coefficient λ, the posterior estimate of λ conditional on x 1:k also follows normal distribution according to Bayesian theory [54] . That is
where
After detecting the on-site degradation data x 1:k of the lithium-ion battery, the degradation process when t > t k can be written as follow:
where µ 1 ∼ N (µ λ,k , σ 2 λ,k ). Therefore, the SOH estimation of lithium-ion batteries after eliminating the recovery process can be written as follow:
It can be further concluded that SOH 1 (t|x 1:k ) obeys normal distribution:
where:
B. DEGRADATION MODELING AND SOH ESTIMATION FOR THE FIRST STAGE OF RECOVERY PROCESS 1) CAPACITY REGENERATION MODELING
The first stage of the recovery process is the capacity regeneration process of the lithium-ion battery during a long rest time. By extracting the information from the first stage of the recovery process, the data between rest time and the regenerated capacity can be obtained as shown in Fig. 4 . It can be seen that there is a hidden stochastic relationship between the rest time and the regenerated capacity of the lithium-ion batteries. In order to better describe the uncertainty of that relationship, we model the regenerated capacity of this stage based on a normal distribution. It is assumed that the mean of regenerated capacity after the rest time t s is g( t s ). Here, g( t s ) = a( t s ) b is used to indicate the nonlinear relationship function between the rest time and the regenerated capacity. Then, the regenerated capacity c i after a given rest time t s re can be written as follow:
where N (·) represents the normal distribution, and σ 2 r represents the uncertainty of the regenerated capacity caused by rest time. Therefore, the unknown parameters of the capacity regeneration model in the first stage of the recovery process are = {σ 2 r , a, b}.
2) PRIOR PARAMETERS ESTIMATION
In this subsection, the MLE method is used to estimate the unknown prior parameters. The log-likelihood function based on the data information of rest time t s re,1:n = { t s re,1 , t s re,2 , . . . , t s re,n } and regenerated capacity c 1:n = {c 1 , c 2 , . . . , c n } can be written as follow:
Taking the partial derivatives of a and σ 2 r for (11) gives:
By setting (13) and (14) equal to 0, we obtain the restricted estimation for a and σ 2 r limited by b as follows:
Substituting (15) and (16) into log-likelihood function (12) , and simplifying, gives the profile log-likelihood function for b in terms of the estimated (a, σ 2 r ) as follow:
The estimation of b can be obtained by maximizing (17) .
Then the estimation of a and σ 2 r can be obtained by substituting b into (15) and (16) . The ''Fminsearch'' function in MATLAB is used to search for the estimated value of b.
3) SOH ESTIMATION
From above works, when the lithium-ion battery has a rest time t s , the probability density function (PDF) of the regeneration capacity can be written as follow:
Therefore, the SOH of the lithium-ion battery operating in the first stage of the recovery process can be obtained as follow:
. It can be further concluded that SOH 2 (t|x 1:k ) follows normal distribution:
C. DEGRADATION MODELING AND SOH ESTIMATION FOR THE SECOND STAGE OF RECOVERY PROCESS 1) DEGRADATION MODELING
The second stage of the recovery process is the degradation process of the regenerated battery capacity. According to the elimination algorithm for the recovery process proposed in Ref. [65] , the degradation process of regenerated battery capacity with the same type of lithium-ion batteries can be obtained as shown in Fig. 5 . And here assumes that all degradation processes start with a relative 0 capacity. It shows from Fig. 5 that the nonlinear characteristic of the degradation process in the second stage of the recovery process is obvious. Therefore, in this section, the degradation process of the regenerated capacity modeled by the nonlinear Wiener process.
where y 0 is the initial capacity, η (t : θ ) is a nonlinear drift coefficient, and σ B2 is the diffusion coefficient. Without loss of generality, let (t : θ ) = t τ . The nonlinear coefficient τ and the diffusion coefficient σ B2 are fixed coefficients, indicating the common characteristics of the degradation process. The drift coefficient η is a random variable to describe the individual difference among different lithium-ion batteries, which follows normal distribution, i.e. η ∼ N (µ η , σ 2 η ). In summary, the prior parameters of the second stage of the recovery process are = {η, τ, σ B2 }.
2) PRIOR PARAMETER ESTIMATION
For the degradation model of the second stage of recovery process, a two-step MLE method is developed to estimate the prior parameters . The specific steps are as follows:
Step1: Establishing the log-likelihood function of regenerated degradation data with respect to , and estimating the nonlinear coefficient τ , the diffusion coefficient σ 2 B2 and the drift coefficient η 1 , η 2 , . . . , η N by the MLE method.
Based on the historical degradation data N n=1 y 0:k n of the regenerated battery capacity, the log-likelihood function of (η 1 , η 2 , . . . , η N , τ, σ B2 ) can be written as follow:
As all the t i = t i − t i−1 equal to 1 cycle in this paper, all the t i in (24) are omited. Taking the partial derivatives of η n and σ B2 for (24) , and setting these two derivatives to zero, the restricted MLE for η n and σ B2 limited by τ can be obtained as follows:
Substituting (25) and (26) into (24), the profile loglikelihood function for τ in terms of the estimated (η 1 , η 2 , . . . η N , σ B2 ) can be written as follow:
The estimation of τ can be obtained by maximizing (27) .
Then the estimation for σ B2 and η n can be obtained by bringing τ into (25) and (26).
Step2: Calculating the prior distribution of the drift coefficients based on the estimation of η = {η 1 , η 2 , . . . , η N } in the first step.
In this paper, a modified unbiased estimation method is proposed for the drift coefficient, and according to the estimated results of η = {η 1 , η 2 , . . . , η N } in step 1, the prior distribution of η can be obtained as follows:
3) PARAMETERS ON-LINE UPDATING AND SOH ESTIMATION
Given that y 1:k = {y 1 , y 2 , . . . , y k } are the on-site degradation data at the detection time t 1 , t 2 , . . . t k , and according to prior distribution of the drift coefficient η, the posterior estimate of η conditional on y 1:k also obeys the normal distribution according to Bayesian theory [66] :
Therefore, the SOH of the lithium-ion battery operating in the second stage of the recovery process can be expressed as follow:
where µ 3 ∼ N (µ η,k , σ 2 η,k ). It can be further concluded that SOH 3 (t|y 1:k ) obeys normal distribution. That is
IV. THE GLOBAL SOH ESTIMATION WITH CONSIDERING RELAXATION EFFECT
In this section, a one-step SOH estimation method and a multi-step SOH estimation method based on the idea of piecewise modeling are proposed for lithium-ion batteries with considering the relaxation effect during the actual use.
A. ONE-STEP SOH ESTIMATION
The one-step estimation method is to estimate the SOH of lithium-ion batteries for next cycle. The method mainly includes three steps, and the flow chart of the specific algorithm is shown in Fig. 6 . Step1: Calculating the prior parameters for three models according to the historical degradation data of lithium-ion batteries;
Step2: Judging the degradation stage of the current cycle and online updating the parameters;
Step3: Calculating the expectation, variance and PDF of the SOH for the next cycle.
According to the one-step SOH estimation algorithm, the analytic expressions of expectation, variance and PDF for the one-step SOH estimation can be obtained as follows:
B. MULTI-STEP SOH ESTIMATION
The multi-step estimation method is to predict the SOH of lithium-ion batteries for the future cycle. The specific idea is to estimate the SOH of lithium-ion batteries for the next cycle by judging the degradation stage of the current cycle and updating the parameters online, and then recursively loop to predict the SOH in the future cycle. This method mainly includes five steps, and the flow chart of this specific algorithm is shown in Fig. 7 .
Step1: Calculating the prior parameters of three models according to the historical degradation data of lithium-ion batteries;
Step2: Setting i = 0; Step3: Judging the degradation stage of the k + i cycle and online updating the parameters;
Step4: Calculating the expectation and variance of the SOH for the cycle of k + i + 1.
Step5: i > t? Yes, end. No, i = i + 1, return Step3. According to the above algorithm, the analytic expressions of expectation, variance and PDF of multi-step SOH estimation for lithium-ion batteries can be obtained as follows: 
V. EXPERIMENT
In this experiment, the degradation data published by NASA are used to demonstrate the effectiveness of our method. The four batteries gradually degraded under three different operations, i.e. charge, discharge and impedance measurement.
The working conditions, i.e. the ambient temperature (AT), charge current (CC), discharge current (DC), end of charge (EOC) and end of discharge (EOD) are shown in Table 3 . According to the above working conditions, one cycle time includes three operations. First, the batteries were charged with a constant current, i.e. 1.5A, until the battery voltage reached EOC, i.e. 4.2 V, and then continued in a constant voltage until the charge current dropped to 20 mA. Second, the impedance measurement was carried out by using the electrochemical impedance spectroscopy frequency sweep from 0.1 Hz to 5 kHz. Finally, the batteries were discharged with a constant current of 2A until the battery voltage dropped a specified EOD. Repeating above charge and discharge cycles would result in gradually aging of lithium-ion batteries, and the change of the internal battery parameters during the aging can be obtained by impedance measurements.
For simplicity, the method proposed in this paper is referred to as M1, this method modeled the degradation process of lithium-ion batteries with considering the relaxation effect by using the model of Section 3. The method based on Wiener process without considering the relaxation effect is referred to as M2. This method modeled the degradation process of lithium-ion batteries by using the model of Section 3.1 based on Wiener process directly, which ignored the impact of the relaxation effect on the degradation law. In this paper, we set 75% capacity as the failure threshold of the lithium-ion batteries for multi-step SOH prediction. And the No.5 battery is chosen to compare these two methods and the data of other batteries are used to estimate the prior parameters. In order to better illustrate the estimation accuracy, we define the relative error (RE), the mean square error (MSE), the mean absolute percentage error (MAPE) and the root mean square error (RMSE) as follows:
where RE and MAPE can reflect the accuracy of the mean of SOH estimation, MSE and RMSE can reflect the effect of the mean and uncertainty of SOH estimation. VOLUME 7, 2019 In the following, the one-step and multi-step SOH for lithium-ion battery are calculated at different time points respectively.
A. PRIORI PARAMETER ESTIMATION 1) THE DEGRADATION PROCESS AFTER ELIMINATING RELAXATION EFFECT
The degradation data after eliminating the recovery process of all lithium-ion batteries are as shown in Fig. 3 . According to the transformed degradation data (without No. 5 battery), the prior parameter can be obtained based on the two-step MLE method presented in [65] , as shown in Table 4 . 
2) THE FIRST STAGE OF RECOVERY PROCESS
From Fig. 1 , it can be observed that when the rest time t s i satisfies t s i ≥ 3 × 10 4 , the capacity has increased significantly. Therefore, it is considered that the rest time t s i ≥ 3 × 10 4 is sufficient to produce a relaxation effect. According to the data between the rest time and the regenerated capacity in the first stage of recovery process, the prior parameter can be obtained based on the MLE method presented in Section III(B), as shown in Table 5 . According to the results of the prior parameters , the relationship function g(t) between the rest time and the regenerated capacity can be figured as shown in Fig. 8. 
3) THE SECOND STAGE OF RECOVERY PROCESS
According to the degradation data in the second stage of recovery process, the prior parameter can be obtained based on the two-step MLE method presented in Section III(C) as shown in Table 6 .
4) DIRECT ESTIMATION OF PRIOR PARAMETERS WITHOUT CONSIDERING RELAXATION EFFECT
The degradation model without considering the relaxation effect is used to demonstrate the effectiveness of this paper. The method developed in Section III(A) is used to model the degradation process and predict the SOH directly. Therefore, the prior parameters can be obtained without considering the relaxation effect as shown in Table 7 . 
B. ONE-STEP SOH ESTIMATION
For the No. 5 battery, we plot the predicted SOH curve and the actual SOH curve at all time points in Fig. 9 . It shows that M1 is closer to the actual SOH curve than M2.
Additionally, we calculate the results of the RE and MSE at every time point, as shown in Fig. 10 and Fig. 11 respectively. From Fig. 10 , it can be observed that M1 obtains better accuracy than M2, the RE of M1 can be controlled within 1%. However, the RE of M2 can be up to 6%. From  Fig. 11 , it shows that the relaxation effect could increase the degradation uncertainty, which results in overestimate of the σ 2 B . From the error analysis, it can be observed that the estimation error of M2 is very large at the rest time. We further plot the distribution of SOH at the rest time, i.e. k = 10, 31, 43, 48, 90, 120, 151, 167, as shown in Fig. 12 . It shows that M1 covers the true value better than M2 and the distribution of M1 is more concentrated than M2.
Then, we calculated the MAPE and RMSE as shown in Table 8 . It indicates that M1 obtains better accuracy and smaller uncertainly than M2.
From the above works, for the one-step SOH estimation of lithium-ion batteries, M1 has better accuracy and smaller uncertainly compared with M2, and this advantage is mainly appeared at the rest time. The reason for this phenomenon is that M1 considers the phenomenon of regenerated capacity and establishes the recovery process model. However M2 has not considered the influence of the relaxation effect. The results show that the relaxation effect should be modeled separately when modeling the degradation process and considered into the one-step SOH prediction method.
C. MULTI-STEP SOH ESTIMATION
We select two points for multi-step SOH prediction experiments, i.e. k = 30 that the field individual information is less, k = 70 that the field individual information is relative more. The prediction interval is the number of cycles in which the current capacity degrades to the failure threshold. Based on the degradation data information x 1:k of No. 5 battery, the expectation and 80% confidence interval of M1 and M2 are respectively as shown in Fig. 13 and Fig. 14 .
From the above multi-step SOH estimation results, it can be observed that: M1 is closer to the actual SOH curve than M2, the uncertainty of M1 is obviously smaller than M2. From Fig. 13(a) and Fig. 14(a) , the predicted result of M1 is obviously better than M2 when the field individual information is less; From Fig. 13(b) and Fig. 14(b) , when the field individual information increases, the SOH estimation result of M1 is still better than M2 in recovery process.
In addition, we calculate the RE and MSE at all different time points, as shown in Fig. 15 and Fig. 16 . It shows that M1 has better accuracy and smaller uncertainty than M2.
From Fig. 15 , it shows that M1 has a better accuracy than M2, the RE of M1 can be controlled within 2%, but the RE of M2 would be up to 8%. From Fig. 16 , it can be observed that the relaxation effect could increase the degradation uncertainty, which results in overestimate of the σ 2 B . From above works, the relaxation effect could have a significant influence on multi-step SOH estimation. Therefore, it is necessary to improve the accuracy of SOH prediction by modeling the recovery process.
Without loss of generality, we also calculate the MAPE and RMSE of the multi-step SOH estimation for M1 and M2 at all different points, as shown in Fig. 17 and Fig. 18 . According to Fig. 17 , we calculate the average value of the MAPE, and obtain that M1 is 0.88% and M2 is 2.78%. It shows that the proposed method has high estimation accuracy. According to the Fig. 18 , we further calculate the average value of the RMSE, and obtain that M1 is 0.18% and M2 is 0.45%. The results show that the proposed method by this paper has not only high estimation accuracy, but also small uncertainty.
VI. CONCLUSION
SOH estimation has a great importance to BMS. In this paper, a novel online SOH estimation method is proposed by studying the relaxation effect on degradation law of lithium-ion batteries. Experiments are carried out based on the degradation data of lithium-ion batteries published by NASA, and the results show the better accuracy and smaller uncertainty of the proposed method by comparing with the method without considering the relaxation effect. The main contributions can be summarized as follows:
(1) This paper has studied the impact of relaxation effect on the degradation law of lithium-ion batteries. Then the degradation process with considering the relaxation effect can be effectively modeled based on the idea of piecewise modeling.
(2) A novel one-step SOH prediction method and a multi-step SOH prediction method for lithium-ion batteries based on Wiener process are proposed. This method can not only obtain the expectation of the SOH, but also obtain the variance and probability distribution, which can well describe the uncertainty of degradation process for lithiumion batteries.
In this paper, we have deeply studied the SOH estimation method with considering the relaxation effect of lithium-ion batteries. However, the capacity could fluctuate or plunge in actual use under complex working conditions, such as the time varying current, the stochastic depth of discharge and the change of ambient temperature. Therefore, to further improve the robustness and accuracy, the SOH prediction with considering complex working conditions has become an important research direction for the prognostics and health management of lithium-ion batteries in the future.
